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1 Introduction
The recent advent of optical metasurfaces, ultra-thin structures composed of nanores-
onators facilitating strong light concentration [1–3], opens the path towards efficient
frequency conversion [4–7] in a material thousand times thinner than a human hair [8].
There is a remarkable capacity to individually shape each nanoresonator of the meta-
surface to spatially and spectrally control the conversion process with unprecedented
nanoscale resolution, facilitating an ultimate flexibility to selectively convert, focus,
and image different colours with a single metasurface. The strong enhancement of the
nonlinear processes in dielectric nanoresonators is largely due to the absence of material
absorption and the excitation of Mie-type bulk resonances [2]. The highest conversion
efficiency to date has been achieved employing III-V semiconductor nanostructures,
such as AlGaAs which is a non-centrosymmetric material with high quadratic nonlinear
susceptibility. In particular, second-harmonic generation efficiencies up to 10−4 have
been recently demonstrated [8–12], six orders of magnitude higher than in plasmonics.
Such capabilities can make an immense fundamental and practical impact, including
the quantum state generation in nonlinear metasurfaces as we discuss in this chapter.
The quantum state of correlated photon-pairs is the essential building block for pho-
ton entanglement [13, 14], which underpins many quantum applications, including se-
cure networks, enhanced measurement and lithography, and quantum information pro-
cessing [15]. One of the most versatile techniques for the generation of correlated pho-
tons is the process of spontaneous parametric down-conversion (SPDC) [16, 17], see
Fig. 1. It allows for an arbitrary choice of energy and momentum correlations between
the generated photons, robust operation at room temperature, as well as for spatial and
temporal coherence between simultaneously pumped multiple SPDC sources. Alterna-
tive approaches based on atom-like single photon emitters, such as solid-state fluores-
cent atomic defects [18], quantum dots [19, 20], and 2D host materials [21, 22], have
reached a high degree of frequency indistinguishability, purity and brightness [19, 20].
However, this comes with the expense of operation at cryogenic temperatures and lack
of spatial coherence between multiple quantum emitters. These features might limit
possible applications and reduce the potential for device scalability. Furthermore, the
small size of the atomic sources often requires complex schemes aimed at coupling to
optical nanoantennas and improving the photon extraction efficiency [21].
The miniaturization of SPDC quantum-light sources to micro and nanoscale di-
mensions is a continuing quest, as it enables denser integration of functional quantum
devices. Traditionally, bulky cm-sized crystals were utilized for SPDC, entailing the
difficulty of aligning multiple optical elements after the SPDC crystal, while offering
relatively low photon-pair rates [17]. As a first step of miniaturization, SPDC was
realized in low-index-contrast waveguides, which allowed confining light down to sev-
eral square micrometers transversely to the propagation direction, significantly enhanc-
ing the conversion efficiency [23]. However, this approach still requires centimetres
of propagation length, which makes the on-chip integration with other elements chal-
lenging [24]. The introduction of high-index contrast waveguides and ring resonators
allowed for shrinking the sizes necessary for SPDC to millimetres [25], and to tens
of micrometers [26]. However, further miniaturisation down to the metasurfaces com-
posed of nanoresonators requires conceptually different approaches.
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The generation of quantum light with nonlinear nanoresonators, acting both as
sources of quantum states and nanoantennas shaping the emitted photons, has only
been reported last year [27]. Such nanoscale multi-photon quantum sources offer an
unexplored avenue for applications of highly indistinguishable and spatially reconfig-
urable quantum states, through the spatial multiplexing of coupled nanoantennas on
metasurfaces.
The chapter is organised as follows. First, in Sec. 2 we outline a general quan-
tum theory of spontaneous photon-pair generation in arbitrary nonlinear photonic struc-
tures, including nanoresonators and metasurfaces, which provides an explicit analytical
solution for the photon state expressed through the classical Green function. In the
following Sec. 3 we formulate the correspondence between the quantum photon-pair
generation and classical sum-frequency process in nonlinear media, and discuss its ap-
plication in various contexts, including waveguide circuits and nanostructures. Then, in
Sec. 4 we present the first experimental results demonstrating photon-pair generation in
a single nonlinear nanoantenna. Finally, in Sec. 5 we present conclusions and outlook
towards the generation of quantum entangled images with nonlinear metasurfaces and
emerging opportunities for applications.
2 Green function theory
In this section we outline the general theoretical approach to for two-photon genera-
tion via spontaneous parametric down conversion (SPDC) and spontaneous four-wave
mixing (SFWM). Sec. 2.1 presents the derivation of the two-photon wavefunction. In
Sec. 2.2 we discuss the photon heralding efficiency. In Sec. 2.3 we show, how our
results can be reduced to those known in literature for the specific case of coupled dis-
persionless waveguides. Finally, in Sec. 2.4 we consider the generation of entangled
plasmon-photon pairs.
Figure 1: General concept of bi-photon generation in an SPDC process. After Ref. [28].
3
2.1 Two-photon wavefunction
The photon-pair generation is described by the Hamiltonian [29]
HNL =
1
2
∫
dω1dω2
(2pi)2
∫
d3rE†α(ω1, r)E
†
β(ω2, r)Γαβ(r) + H.c. (1)
where E is the electric field operator, α, β = x, y, z, and Γαβ is the generation matrix.
We consider two possibilites [30], spontaneous parametric down conversion (SPDC)
due to χ(2) nonlinear susceptibility and spontaneous four-wave mixing (SFWM) gov-
erned by χ(3) nonlinearity, when
Γαβ(r) =
χ
(2)
αβγ(r;ω1, ω2;ωp)Ep,γ(r)e−iωpt,
χ
(3)
αβγδ(r;ω1, ω2;ωp, ωp)Ep,γ(r)Ep,δ(r)e−2iωpt,
(2)
Here, Ep is the classical pump at frequency ωp, and γ, δ = x, y, z are the Cartesian
indices.
We explicitly introduce the sensors that detect the quantum electromagnetic
field [31] to find the experimentally measurable quantities. The sensors are modelled as
signal (s) and idler (i) two-level systems with the Hamiltonians
Hi,s ≡ H(0)i,s + Vi,s = ~ωi,sa†i,sai,s − dˆi,s ·E(ri,s) , (3)
with the resonant energies ~ωs and ~ωi, respectively. Here, a†s,i are the corresponding
exciton creation and dˆi,s = ad∗i,s + a
†d∗i,s are the dipole momentum operators. The
detected two-quantum state is |Ψ〉 = a†ia†s|0〉 with both detectors excited by the photon
pair.
The direct approach to describe the two-photon generation would be to expand the
electric field operator over the set of eigenmodes of the linear problem, see the left part
Figure 2: Scheme of different approaches to calculate the two-photon wavefunction
4
Fig. 2. However, this technique is impractical for nanostructured metamaterials. The
eigenmodes are poorly defined due to the presence of Ohmic and radiative losses as
well as the dispersion. Instead, we describe the linear electromagnetic problem by the
classical Green tensor,
[rot rot−
(ω
c
)2
ε(ω, r)]G(r, r′, ω) = 4pi
(ω
c
)2
1ˆδ(r − r′) , (4)
that explicitly accounts for arbitrary strong Ohmic losses and mode dispersion. The
classical Green function allows to circumvent the calculation of eigemodes in macro-
scopic quantum electrodynamics. The Green function method was previously ap-
plied [32] to describe the spontaneous two-photon emission (STPE) [33] from a sin-
gle atom. However the current problem is quite distinct from STPE, because nonlinear
spontaneous wave mixing acts as a coherent spatially extended source.
In the Green function method the two-photon wavefunction |Ψ〉 can be equivalently
obtained using the time-dependent perturbation theory or the time-independent one, see
middle and right parts in Fig. 2, respectively. The first approach follows the method-
ology of the quantum field and condensed matter theories and allows for a more com-
pact derivation provided that the Feynman diagram technique [34] is used. The second
one requires only the knowledge of standard quantum mechanics but has to be supple-
mented with the local source quantization scheme for the electric field [35]. Below we
will outline the derivation using both methods and demonstrate their equivalence.
2.1.1 Time-dependent perturbation technique
Formally, the process of photon pair generation, propagation, and detection can be de-
scribed by the scattering matrix element Sis = 〈Ψ|U |0〉, where U is the evolution
operator [36],
U = T e−i
∫∞
−∞W (τ)dτ . (5)
Here, T denotes the time-ordered product and
W (τ) = eiH
(0)τ/~(Vi + Vs +HNL)e
−iH(0)τ/~, H(0) = H(0)i +H
(0)
s +Hlin (6)
is the operator describing the generation and detection in the interaction representation
and H(0) is the sum of Hamiltonian of noninteracting photons H(0)i and the detector
Hamiltonians. Our goal is to calculate the scattering matrix element in the lowest non-
vanishing order of the time-dependent perturbation theory. Since two photons have to
be generated and each of them has to be absorbed, we need to consider the third order
process in the operator Eq. (6), given by the expansion
Sis =
(−i
~
)3
1
3!
∞∫
−∞
∞∫
−∞
∞∫
−∞
dτ1dτ2dτ3T 〈Ψ|W (τ1)W (τ2)W (τ3)|0〉 . (7)
5
The diagrammatic representation of Eq. (7) is shown in Fig. 3(a). Explicitly, the matrix
element reads
T 〈Ψ|W (τ1)W (τ2)W (τ3)|0〉
=
1
2
d∗i d
∗
se
iτ1ωi+iτ2ωs−N iωpτ3
×
∑
αβ
Γαβ(r0)
∫
d3r0T 〈Eσi(ri, τ1)Eσs(rs, τs)Eα(r0, τ3)Eβ(r0, τ3)〉
+ permutations of τ1,τ2,τ3, (8)
where N = 1(2) for SPDC (SWFM). As usual, the factor 1/3! in Eq. (7) cancels
out with the combinatorial factor arising from 6 different permutations of the times
τ1, τ2, τ3 [34]. Hence, the scattering matrix element is determined only by the correla-
tion function in the second line of Eq. (8).
The correlation functions in Eq. (8) are calculated by using the equivalent alternative
definition of the Green function from Eq. (4) in the time domain [34]
Gαβ(r, r
′, t− t′) = i
~
T 〈Eα(t, r)Eβ(t′, r′)〉 . (9)
The function in Eq. (9) is related to the frequency-dependent function in Eq. (4) by the
Fourier transform G(t) =
∫
dωe−iωtG(ω)/2pi. Once the Green function is introduced,
the correlation function in Eq. (8) can be calculated by means of the Wick’s theorem,
T 〈Eσi(ri, τ1)Eσf (rs, τ2)Eα(r0, τ3)Eβ(r0, τ3)〉
= T 〈Eσi(ri, τ1)Eα(r0, τ3)〉〈Eσs(rs, τ2)Eβ(r0, τ3)〉+
T 〈Eσi(ri, τ1)Eσs(rs, τ2)〉〈Eα(r0, τ3)Eβ(r0, τ3)〉] . (10)
Figure 3: (a) Feynman diagram for Eq. (7), describing generation of two photons in
the point r0 and their detection in the points ri and rf . Dotted line corresponds to
the classical pump, curved lines describe photon Green functions and solid line are the
detectors. (b) Graphic representation of the same process and Eq. (12) for the two-
photon wave function. After Ref. [28].
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Using the Green function definition in Eq. (9) we find the scattering matrix element in
the form
Sis = −2piiδ(~ωi + ~ωs −N~ωpump)Tis (11)
and obtain
Tis(ri, ωi,di; rs, ωs,ds) =
∑
αβ,σi,σs
d∗i,σid
∗
s,σs
×
∫
d3r0Gσiα(ri, r0, ωi)Gσsβ(rs, r0, ωs)Γαβ(r0) . (12)
By construction the two-photon transition amplitude Tis has the meaning of the com-
plex wave function fully defining the pure two-photon state.
Equation (12) is the central result of our study. The form of Eq. (12) clearly repre-
sents the interference between the spatially entangled photons generated in the different
points of space r0 [37], as schematically illustrated in Fig. 3(b). The coincidence rate,
which defines simultaneous detection of two photons at different positions in space, is
found as:
Wis = (2pi/~)δ(~ωi + ~ωs −N~ωp)|Tis|2 . (13)
2.1.2 Time-independent local source quantization scheme
In this approach instead of Eq. (7) in the time domain we write [36] for the two-photon
wavefunction
Tis = lim
ε→0
〈Ψ|V 1
N~ωp −H0 + iεV
1
N~ωp −H0 + iεV |0〉 , (14)
in the frequency domain, whereN = 1, 2 for SPDC (SFWM), respectively. The Hamil-
tonian Hlin, describing the linear propagation of the generated photons, is written in
the local source quantization scheme [35] as
Hlin =
∫
d3r
∞∫
0
∑
α=x,y,z
dω~ωf†α(r, ω)fα(r, ω) , (15)
where fα(r, ω) are the canonical bosonic source operators for the quantum electric
field [35]:
E(r) =
∞∫
0
dω
2pi
E(r, ω) + H.c. , (16)
Eˆ(ω) = i
√
~
∫
d3r′Gαβ(r, r′, ω)
√
Im ε(ω, r′)fβ(r′, ω).
Now we directly substitute Eq. (16) into Eq. (14). The averaging yields the two products
of the Green functions, that are evaluated using the identity [35]
ImGββ′(r, r
′′) =
1
4pi
∫
d3r′ Im[ε(r′)]Gβα(r, r′)G∗β′α′(r
′′, r′) , (17)
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and the integration over frequency ω′ is performed using the Kramers-Kronig relations,
lim
ε→0
∫ ∞
0
dω′
pi
ImGαβ(r, r
′)
(
1
ω′ − ωs − iε +
1
ωs + ω′ − iε
)
= Gαβ(r, r
′) . (18)
The final result yields again Eq. (12) in full agreement with the time-dependent tech-
nique. The time-dependent approach relies directly on the Green function from Eq. (9)
while the time-independent one is built on the electric field expansion in Eq. (16). Their
equivalence can be verified by substituting Eq. (16) into Eq. (9).
2.2 Heralding efficiency
The role of ohmic and radiative losses becomes especially important for the two-photon
generation process. After an entangled photon pair is generated, a single absorption
event is sufficient to fully destroy it, and leave only one photon in a mixed state. Hence,
the problem of detection of individual photons in a lossy system where entangled pho-
ton pairs are generated, provides an interesting question. Given that a signal photon is
detected, did it correspond to the photon pair where the idler photon has been emitted
or to the pair, where it has been absorbed? The relative magnitude of the first term
provides the heralding efficiency, characterizing the robustness of the two-photon gen-
eration setup to the ohmic losses.
In order to evaluate the heralding efficiency we start with the calculation of the total
single-photon count rate. Similarly to the two-photon wavefunction, the rate can be
rigorously obtained using the time-dependent perturbation theory in the framework of
the Keldysh diagram technique or using time-independent approach with the canoni-
cal local sources [28]. Another equivalent and very compact derivation, given below,
is based on the semiclassical expression for the signal polarization combined with the
fluctuation-dissipation theorem. We use the standard result of the quantum photodetec-
tor theory for the signal photon count rate [38, 39]
Ws(rs, σs) =
1
~
∑
σsσs′
dsσsd
∗
s′,σ′s
∞∫
−∞
〈Eσs(rs, τ)Eσs′ (rs, 0)〉eiωsτdτ , (19)
where the averaging is performed over the states of the electromagnetic field E. In
order to calculate the field of signal photons, acting upon the detector, we introduce
the dielectric polarization as a variation of the density of the nonlinear Hamiltonian in
Eq. (1) over the electric field
Pα(r0, t) = −δHNL
δEs
= −Γαβ(r0)Ei,β(r0, t) . (20)
Next, we determine the electric field induced by this polarization
Eσs(rs, t) =
t∫
−∞
dt′Gσsα(rs, r0, t− t′)Pα(r0, t′) , (21)
8
Figure 4: Illustration of the photon pairs with idler photon (a) emitted and (b) absorbed.
The relative value of the pairs (a), corresponding to the first term in Eq. (24), provides
the heralding efficiency.
where G is the time-dependent retarded Green function. Using Eq. (20), Eq. (21)
and the fluctuation-dissipation theorem [40] for the electric field components in the
form [34]
〈Eβ(r, t)Eβ′(r′, t′)〉 =
∞∫
−∞
dω
2pi
~ ImGRββ′(ω, r1, r2) signωe−iω(t−t
′) (22)
we obtain the signal photon count rate
Ws(rs) =
2
~
∫∫
d3r′0d
3r′′0
∑
σsσs′
ds,σsd
∗
s,σs′ ImGββ′(r
′
0, r
′′
0 , ωp − ωs)
× Γαβ(r′0)Γ∗α′β′(r′′0 )Gσs,α(rs, r′0, ωs)G∗σs′ ,α′(rs, r′′0 , ωs) . (23)
It is instructive to separate the rate of single photon counts in Eq. (23) into two contri-
butions,
Ws(rs) = W
(rad)
s (rs) +W
(Ohmic)
s (rs) . (24)
The first term corresponds to the photon pairs with the idler photon emitted into the
far field, and the second term describes the pairs with the idler photon absorbed in the
medium, see Fig. 4(a) and Fig. 4(b), respectively. The ratio of the first term to the total
single-photon count rate will provide the far-field heralding efficiency. Explicitly, the
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radiative term reads
W (rad)s (rs, σs) =
c
2pi~ωi
∑
σs,σs′ ,β
ds,σsd
∗
s,σs′
∮
dSi,βeβσiσi′
Re T˜is(rs, ri, σs, σi)T¯
∗
is(rs, ri, σs′ , σi′) ,
T˜is(rs, ri, σs, σi) =
∫
d3r0Gσiα(ri, r0, ωi)Gσsβ(rs, r0, ωs)Γαβ(r0), (25)
T¯is(rs, ri, σs, σi) =
c
iωi
∑
βγ
eσiβγ
∂T˜ (rs, ri, σs, γ)
∂xi,γ
, ωi = Nωp − ωs ,
where eβσiσi′ is the Levi-Civita tensor. The second term, corresponding to the pairs
where the idler photon has been absorbed, has the form
W (Ohmic)s (rs) =
~
4pi2|di|2
∑
σi
∫
dωi
∫
driWis(ri, ωi,di; rs, ωs, σs) Im ε(ri, ωi) ,
(26)
and can be expressed via the joint two-photon count rate
Wis(ri, ωi,di; rs, ωs, σs) =
2pi
~
δ(~ωi+~ωs−N~ωp)|Tis(ri, ωi,di; rs, ωs, eσsds)|2 .
(27)
The volume integration in Eq. (26) is performed only over the lossy region where
Im ε 6= 0. If the integral is extended over the whole volume and is regularized at
r →∞ by adding infinitesimal losses to the permittivity as
ε(ri)→ ε(ri) + i∆ε , (28)
the result reduces to the total rate Ws(rs) in Eq. (23), rather than to W
(Ohmic)
s (rs):
Ws(rs) =
~
4pi2|di|2
∑
σi
∫
dωi lim
∆ε→0
∫
tot
driWis(ri, ωi,di; rs, ωs, σs) Im ε(ri, ωi) .
(29)
By definition, the heralding efficiency is the ratio of the heralded counts, corre-
sponding to the pairs where the idler photon has been emitted into the far field to the
total single-photon rate. As such, this quantity should characterize the generated pho-
ton pairs but not the specific detection setup. However, the single-photon count rates in
Eq. (23), Eq. (25), Eq. (26) and the two-photon count rate in Eq. (27) by construction
depend on the efficiencies of the detectors, determined by the dipole momentum matrix
elements di,s. In order to determine the heralding efficiency, it is necessary to explicitly
calibrate the detectors to the flux of the photons. The procedure is outlined in [28] and
10
Figure 5: Illustration of the two-photon generation in a nonlinear lossy waveguide.
the calibrated heralding efficiency reads
QE =
W˜
(rad)
s
W˜s
, (30)
W˜ (rad)s =
c
4piωi
∮
dSi,αeασiσi′ Re T˜is(rs, ri, σs, σi)T¯
∗
is(rs, ri, σs′ , σi′) ,
W˜s =
∫∫
d3r′0d
3r′′0 ImGββ′(r
′
0, r
′′
0 , ωp − ωs)Γαβ(r′0)Γ∗α′β′(r′′0 )×
Gσs,α(rs, r
′
0, ωs)G
∗
σs,α′(rs, r
′′
0 , ωs) .
In the case of planar geometry, the Green functions in Eq. (30) are to be replaced by
their Fourier components along x, y and the unit area interval by the unit wave vector
interval, 1/dS → dkxdky/(2pi)2.
2.3 Correspondence to the results for waveguides
Now we consider an example of one-dimensional dispersionless waveguides with weak
losses, see Fig. 5. We will show how our general Green function theory allows one to
recover the results known in literature [41, 42].
The Green function for the one-dimensional scalar problem reads
G(x, x′) =
i(ω/c)2
2q
eiq|x−x
′| (31)
and satisfies the inhomogeneous Helmholtz equation(
d2
dx2
+ q2
)
G(x, x′) = −4pi
(ω
c
)2
δ(x− x′) . (32)
Here, q is the wave propagation constant (photon wave vector), that can be complex
for lossy medium. The results in Ref. [41] implied (i) weak losses and (ii) one-way
propagation. Using these additional assumptions for the Green function in Eq. (31) we
obtain
G(x, x′) = igeiβ(x−x
′)−γ(x−x′)θ(x− x′), g = (ω/c)
2
2β
. (33)
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Here, we explicitly introduced the real and imaginary parts of the propagation constant
q = β+ iγ, neglected the imaginary part of q in the factor g and took into account only
the term in the factor eiq|x−x
′| = θ(x−x′)eiq(x−x′) +θ(x′−x)eiq(x′−x), corresponding
to the waves propagating along the positive direction of the real axis. We present the
generation matrix for the SPDC process as
Γ(x0) =
χ
2
Epe−γpx0θ(x− x0) , (34)
where without the loss of generality we assumed that the real part of the propagation
constant for the pump wave is set to zero. The two-photon wave function determined
by Eq. (12) then reads
Tis(xi, ωi;xs, ωs) = −d∗i d∗sg∗i g∗sχEp×
min(xi,xs)∫
0
dx0e
(iβs−γs)(xs−x0)e(iβi−γi)(xi−x0)e−γpx0 . (35)
For xi = xs this answer for T (xs, xs) exactly matches the solution in Eq. (9) of the
differential Eq. (5) in Ref. [41]. In order to determine the single-photon count rate we
use Eq. (29) and take into account that for small losses Im ε(ωi) is proportional to γi.
Next, we present the integral in Eq. (29) as
γi
∫
dωi
∞∫
0
dxiWis(xi, ωi;xs, ωs) = γi
xs∫
0
dxi|Tis(xi, xs)|2+γi
∞∫
xs
dxi|Tis(xi, xs)|2,
(36)
where the two-photon wave function in Eq. (35) has the form
Tis(xi, xs) =
{
e(iβs−γs)(xs−xi)Tis(xi, xi) , (xi < xs) ,
e(iβi−γi)(xi−xs)Tis(xs, xs) , (xi > xs) .
(37)
Substituting Eq. (37) into Eq. (36) we find
Ws(xs) ∝ 2γi
xs∫
0
dxi|Tis(xi, xs)|2 + |Tis(xs, xs)|2 . (38)
The first term in Eq. (38) exactly corresponds to the term I˜s(z) in Eq. (10) of Ref. [41],
i.e. the contribution from the states, where the idler photon has been absorbed. The sec-
ond term in Eq. (38) matches the term I(0)s in Eq. (10) of Ref. [41]. It is the contribution
of the states where the idler photon has still not been absorbed up to the point xs.
2.4 Application for surface plasmons
We now apply our general theory to layered metal-dielectric plasmonic structures. First,
we analyze the degenerate spontaneous four-wave mixing for the metallic layer of the
12
Figure 6: (a)-(c) Scheme of SFWM generation of a pair of (a) entangled plasmons, (b)
photon entangled with plasmon and (c) entangled photons in the gold/nonlinear dielec-
tric structure. (d) Color map of the two-photon detection probability |T (ki,ks)|2 in the
reciprocal space vs. the in-plane wave vector components (arb.un.) in TM polarization
(di,s ∝ k × k × zˆ) at zi = zs = 100 nm. The signal (solid) and idler (dashed) light
lines are plotted in white color. The letters a–d mark the near- and far-field signal and
idler generation regimes. (e) Efficiency of signal heralding by far field idler photons,
Eq. (39). For all plots ~ωi ≈ ~ωs ≈ ~ωp ≈ 3 eV, εdiel = 2, dsilver = 20 nm, pump is
TM polarized, kp,x = 0.5ωp/c. After Ref. [28].
thickness dsilver = 20 nm on top of the nonlinear dielectric, see Figs. 6(a)–(c). Due to
the translational symmetry, the total in-plane momentum k of the photons and plasmons
is conserved, i.e. ki,α + ks,α = 2kp,α for α = x, y. The most interesting situation is
realized for oblique pump incidence, giving rise to four different regimes when (a) both
signal and idler, (b) only idler, (c) neither signal nor idler and (d) only signal in-plane
wave vectors lie outside the corresponding light cone boundaries ωi,s/c. The first three
situations are schematically shown in Figs. 6(a)–(c). Two-photon generation occurs in
case (c), while (b) and (d) correspond to plasmon generation heralded by the far field
photon.
We perform numerical simulations considering isotropic dielectric with electronic
χ(3) nonlinearity tensor as [30]: χαβγδ = χ0(δαβδγδ + δαδδβδ + δαγδβδ). We
plot the Fourier transform of the two-photon detection amplitude |Tis(ks, zi, zs)|2 for
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zi = zs = 100 nm above the structure, defined as T (ki) =
∫
dxdy exp(−ikxx −
ikyy)T (x, y), which characterizes the signal-idler generation efficiency in all different
regimes. The relevant Fourier transforms of the Green functions were evaluated an-
alytically following Ref. [43]. Silver permittivity has been taken from Ref. [44] and
includes the losses and dispersion. The overall map of the correlations resembles that
for the generation of the polarization-entangled photons from a bulk nonlinear uniaxial
crystal [17]: it shows strong maxima at the intersections of the signal and idler light
cone boundaries. However, contrary to the bulk, the calculated map reflects the two-
quantum correlations of both photons and plasmons. In the region (c) the shown signal
can be directly measured from the far field photon-photon correlations. For the chosen
30◦ pump incidence angle the bright spot in the region (b) of Fig. 6(d) corresponds to
the signal photons emittered in the normal direction. The near-field signal in the regions
(a),(b),(d) can be recovered by using the grating to outcouple the plasmons to the far
field [45] or with the near field scanning optical microscopy setup [46].
The bright spot in the map Fig. 6(d) for ks,x − kp,x ≈ 10 µm−1 reveals the reso-
nantly enhanced plasmonic emission heralded by the normally propagating idler pho-
tons. The heralding efficiency in Eq. (16), adopted for the planar geometry, reads
QE =
∑
zi=−L,L
∑
di=xˆ,yˆ,zˆ
c cos θi
2pi~ωi
|Tis(ks, zs, zi,di)|2
Ws(ks)
, (39)
where cos θi =
√
1− (cki/ωi)2. The summation over zi in Eq. (39) accounts for the
total idler photon flux through the surfaces zi = ±L above and below the nonlinear
structure. The calculated values of the signal heralding, shown in Fig. 6(e), are remark-
ably high. They reach almost 100% in the case when both signal and idler photon are
in the far field, see the bright spot at ks,x − kp,x ≈ −5 µm−1. In the case of signal
plasmons the heralding efficiency is uniform and about 70%. We note that the results in
Fig. 6(e) correspond to the internal heralding efficiency, calculated for the plane pump
wave. The external quantum heralding efficiency has to account also for the plasmonic
losses due to the propagation from the pump spot to the near field detector, which can
be optimized in the actual experimental setup.
3 Quantum-classical correspondence
The characterization of the two-photon state generated by a structured nonlinear sys-
tem is a hard experimental task [47–50]. It requires a number of measurements and
resources that increase quadratically with system size, making the characterization of
states generated by large waveguide circuits impractical or very time consuming. Ad-
ditionally, integrated circuits are typically patterned on wafers and produced in large
numbers, and efficient techniques for fast quality checking of device performance are
urgently needed. Here we present an efficient method for the characterization of two-
photon states generated from arbitrary optical structures with quadratic nonlinearity that
has both fundamental and practical importance for the development of future integrated
quantum photonics technologies.
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Figure 7: Schematic illustration of the reciprocal (a) spontaneous parametric down-
conversion and (b) sum-frequency generation processes.
A practical approach for predicting the biphoton state produced from a nonlinear de-
vice using only classical detectors and laser sources was proposed in Ref. [51] based on
the concept of Stimulated emission tomography (SET). This technique takes advantage
of the analogy between a spontaneous nonlinear process and its classical stimulated
counterpart, i.e. difference-frequency generation or stimulated four-wave mixing. It
was applied experimentally for spectral characterization of two-photon states with an
accuracy unobtainable with single-photon detection methods [52–55], and fast recon-
struction of the density matrix of entangled-photon sources [56, 57].
However, for large optical networks SET becomes a challenging task as discussed
in Ref. [58], which prevented its experimental realizations for multi-mode path entan-
gled states. The reason is that one would need to precisely inject the seed beam in the
individual supermodes supported by the structure. A possible workaround is to inject
the seed beam in each single channel individually and to perform a transform through
supermode decomposition to obtain quantum predictions. In either case, one requires
complete knowledge of the linear light dynamics inside the whole structure, making
SET a multi-step procedure prone to errors and not applicable to “black-box” circuits.
Additionally, the analogy between a spontaneous nonlinear process and its stimulated
counterpart is strictly valid only in the limit of zero propagation losses [59]. This as-
sumption poses a fundamental limit for the characterization of integrated waveguide
circuits. Indeed, the effect of scattering losses, due to impurities or surface and side-
wall roughness, becomes prominent with increasing miniaturization of photonic de-
vices. Sum-frequency generation (SFG), the reverse process of SPDC, was identified
in Ref. [59] as the ideal approach for characterizing second-order nonlinear circuits in
presence of losses. Nevertheless, the method was formulated only for a single and ho-
mogeneous waveguide, posing a stringent restriction for the characterization of more
complex devices.
Here, we overcome the limitations of the previous proposals by establishing a rig-
orous equivalence between the biphoton wavefunction in the undepleted pump regime
and the sum-frequency field generated by classical wave-mixing in the reverse direc-
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tion of SPDC. Our theory analysis is generalized by the use of the Green-function
method [28, 60], and holds for arbitrarily complex second-order nonlinear circuits and
in presence of propagation losses. More importantly, the SFG-SPDC analogy can be
expressed in any measurement basis, providing a simple experimental tool for the char-
acterization of any “black-box” χ(2)-nonlinear process, see Fig. 7.
3.1 Quantum SPDC-SFG reciprocity relationship
We start with proving the general identity for the correspondence between the SPDC
process and the sum-frequency generation (SFG) processes in the reversed geome-
try. This identity will generalize the Lorentz reciprocity theorem in linear electromag-
netism [61] ∫
d3rP1(r) ·E2(r) =
∫
d3rP2(r) ·E1(r) (40)
that links the electric field distribution E1(r) and E2(r), induced by the polarization
distributions P1 and P2, respectively. The biphoton wavefunction in the SPDC regime,
following from Eq. (12), reads
Ψ(rs, ri, σs, σi, ωs, ωi) =
∫
d3r0Gσsα(rs, r0;ωs)Gσiβ(ri, r0;ωi)χ
(2)
αβγEp,γ(r0) .
(41)
On the other hand, the nonlinear wave at the sum frequency ωp = ωi + ωs generated
from the waves Es(ri), Ei(ri) in the nonlinear structure can be presented as
ESFG,σp(rp) =
∫
d3r0Gσpγ(rp, r0)χ
(2)
αβγ(r0)Es,α(r0)Ei,β(r0) . (42)
Inspired by linear reciprocity relationship Eq. (40) we introduce the polarizations
Pi,s,p(r) inducing the correspondent waves Es,i,p(r),
Eν(r) =
∫
d3r0Gˆ(r, r0;ωp)Pν(r0), ν = i, s, p . (43)
This allows us to rewrite Eq. (41) and Eq. (42) as
Ψ(rs, ri, σs, σi, ωs, ωi) =
∫
d3r0
∫
d3rpGσsα(rs, r0)Gσiβ(ri, r0)χ
(2)
αβγ(r0)×
Gγσp(r0, rp)Pp,σp(rp) , (44)
and
ESFG,σp(rp;ωi + ωs) =
∫
d3r0
∫
d3ri
∫
d3rsGσpγ(rp, r0)χ
(2)
αβγ(r0)×
Gασs(r0, rs)Gασi(r0, ri)Es,σs(rs)Ei,σi(ri) . (45)
We have omitted the frequency arguments in the Green functions for the sake of brevity.
In the reciprocal structure the Green functions satisfy the reciprocity property
Gαβ(r1, r2) = Gβα(r2, r1) , (46)
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that is equivalent to Eq. (40). Comparing Eq. (44) and Eq. (45) with the help of Eq. (46)
we establish the general reciprocity relationship between SPDC and SFG processes in
the form∫∫
d3rid
3rsΨ(rs, ri, σs, σi, ωs, ωi)Pi,σi(ri)Ps,σs(ri)
=
∫
d3rpESFG,γ(rp;ωi + ωs)Pp,γ(rp) . (47)
3.2 SPDC-SFG correspondence for a localized nonlinear source
Now we apply the general SPDC-SFG reciprocity relationship Eq. (47) to the case of
photon pair generation from a localized nonlinear source. We start with calculating
electric field of the structure illuminated by two plane waves, the “idler” one with the
wave vector −ki and the “signal” one with the wave vector −ks, see Fig. 7(b). To this
end we assume that both waves are generated by point dipoles located in the far field
zone in the points ri,s ‖ ki,s, and having the unit amplitudes d∗i ⊥ ki and d∗s ⊥ ks,
respectively. In this case the linear fields at idler and signal frequencies can be written
as
Ei,s(r) = G(r, ri,s;ωi,s)d
∗
i,s (48)
where G is the electromagnetic Green function tensor satisfying the equation
rot rotG(r, r′;ω) =
(ω
c
)2
ε(r)G(r, r′;ω) + 4pi
(ω
c
)2
δ(r − r′) . (49)
Far away from the nonlinear structure, where ε = 1, the Green function reduces to the
free Green function
Gαβ =
[(ω
c
)2
+
∂2
∂xα∂xβ
]
eiω|r−r
′|/c
|r − r′| . (50)
The locally-plane idler and signal waves, incident upon the structure, are found by
substituting Eq. (50) into Eq. (48) and assuming ri,s  r. Hence, we find
E
(0)
i,s =
eiωi,sri,s/c
ri,s
q2i,sd
∗
i,s , (51)
where qi,s = ωi,s/c. The corresponding time-averaged fluxes are found as
Φi,s =
c
2pi
|E(0)i,s |2 =
c
2pi
q4i,s
r2i,s
|di,s|2 . (52)
The nonlinear SFG field is found as a convolution of the χ(2) susceptibility, the incident
fields, and the Green function at the sum frequency:
E(SFG)α (rp ← ri,d∗i ; rs,d∗s)
=
∫
d3r′Gαβ(rp, r′)χ
(2)
γδ,βGγν(r
′, ri)Gδµ(r′, rs)d∗i,νd
∗
s,µ . (53)
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Here α, β, γ, δ, µ, ν are the Cartesian indices and the frequency arguments of the Green
functions are omitted for the sake of brevity. It is instructive to present the Green
functions in the following way
Gαβ(r, r
′) = q2
eiqr
r
gαβ
(
r
r , r
′) for r  c/ω, r  r′ , (54)
where the dimensionless scattering amplitudes gαβ(rr , r
′) ≡ gαβ(k, r′) describe the
conversion between the near field at the point r′ and the plane wave propagating in the
direction r/r ‖ k. We also use the Lorentz reciprocity property
Gαβ(r, r
′) = Gβα(r′, r) (55)
Applying Eq. (54) and Eq. (55) to Eq. (53) we rewrite the sum-frequency wave as
E(SFG)α (rp ← ri,d∗i ; rs,d∗s) =
q2i q
2
sq
2
p
rirsrp
ei(qiri+qsrs+qprp)
∫
d3r′gαβ(kp, r′)χ
(2)
γδ,βgνγ(ki, r
′)gµδ(ks, r′)d∗i,νd
∗
s,µ .
(56)
Now we introduce the differential SFG efficiency as
dΞSFG(−ki, e∗i ;−kse∗s → −kp, e∗p) = r2pdΩp
Φp(−kp, e∗p)
Φi(−ki, e∗i )Φs(−ks, e∗s)
, (57)
where es,i = ds,i/|ds,i|. The quantity in Eq. (57) represents the ratio of the power of
SFG photons propagating inside the solid angle dΩp in the direction −ki to the energy
fluxes of incoming signal and idler plane waves Φi and Φs. Eq. (57) bears analogies
with the scattering cross section in the linear problem. The value of SFG efficiency is
found from Eq. (53) and Eq. (52) as
dΞSFG(−ki, e∗i ;−kse∗s → −kp, e∗p)
dΩp
=
2piq4p
c
×∣∣∣∣∫ d3r′ep,αgαβ(kp, r′)χ(2)γδ,βgνγ(ki, r′)gµδ(ks, r′)e∗i,νe∗s,µ∣∣∣∣2 . (58)
Now we proceed to the SPDC process. The complex wavefunction of a photon pair,
generated in a χ(2)-nonlinear structure, has the amplitude [28]
T (rsµ, riν ← rpep) =
∫
d3r′Gσsν(rs, r
′)Gσiν(ri, r
′)χ(2)γδ,β(r
′)Ep,β(r′, ωp) ,
(59)
where rs(ri) and µ(ν) are signal (idler) photon coordinates and polarizations, respec-
tively, and Ep is the electric field of the pump with the frequency ωp. Similar to
Eqs. (48) in the SFG case we now write that the pump wave is generated by the point
far-field source,
Ep(r) = G(r, rp)dp (60)
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where dp ‖ ep ⊥ rp is the point dipole amplitude. Plugging in the Green function
asymptotic expressions from Eq. (54), we rewrite the biphoton wavefunction in the
form
T (rsµ, riν ← rpep) =
q2i q
2
sq
2
p
rirsrp
ei(qiri+qsrs+qprp)
×
∫
d3r′gαβ(kp, r′)χ
(2)
γδ,βgνγ(ki, r
′)gµδ(ks, r′)dp,α . (61)
Comparing Eq. (61) with Eq. (56) we find the identity
T (rsµ, riν ← rpep)d∗s,µd∗i,ν = E(SFG)α (rp ← ri,d∗i ; rs,d∗s)dp,α , (62)
which proves the SPDC-SFG correspondence for the localized χ(2)-nonlinear source.
We are also interested in comparing the experimentally accessible quantities,
namely, the two-photon pair generation rate and the SFG generation efficiency in
Eq. (58). In order to determine the photon pair generation rate, we need to calibrate
the photon detection process [28, 60]. To this end we explicitly introduce the signal
and idler detectors modelled as the two-level systems with the dipole momenta matrix
elements di, ds and the energies ~ωi, ~ωs. The number of photons absorbed by the
detector per unit time is given by
dNabs
dt
=
2pi
~
δ(~ω − ~ωi,s)|d ·Ei,s|2, (63)
where Ei,s ∝ 1/ri,s is the local electric field of emitted signal or idler photon at the
corresponding detector. The detector quantum efficiency dQEi,s/dΩi,s is the ratio
between the number of photons absorbed by the detector and the number of photons
dNi,s/dt propagating inside the solid angle dΩi,s per unit time,
dNi,s
dt
= r2dΩi,s
c
2pi~ωi,s
|E|2 , (64)
dQEi,s
dΩi,s
=
dNabs
dNi,s
=
4piω|di,s|2
~c
1
r2i,s
. (65)
The two-photon generation rate per unit of the signal and idler spectra is formally de-
fined as
dNpair
dtdωidωsdΩidΩs
=
Wis
dQEidQEs
(66)
where
Wis =
2pi
~
δ(~ωp − ~ωi − ~ωs)|
∑
νµ
d∗i,νd
∗
s,µT (rsµ, riν ← rpep)|2, (67)
is the uncalibrated rate of two photon counts calculated from the bi-photon amplitude
Eq. (61). Substituting Eqs. (61),(65),(66) into Eq. (67) and comparing with Eq. (58) we
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Figure 8: Scheme for the characterization of the biphoton state produced by an array
of N waveguides with an arbitrary χ(2)-nonlinear process. (a) SPDC: a pump beam is
injected into waveguide at the input of the device. Photon-coincidence counting mea-
surements between each pair of waveguides at the output are used to measure photon-
pair generation rates and relative absolute squared values of the wavefunction. (b) SFG:
Laser light at signal and idler frequencies is injected into waveguides and in the reverse
direction of SPDC. Absolute photon-pair generation rates and relative absolute squared
values of the wavefunction can be predicted by direct optical power detection of the
sum-frequency field emitted from waveguide np. (c,d) Normalized biphoton wavefunc-
tions predicted by SFG (c) and measured by SPDC (d). After Ref. [60].
find a general absolute correspondence between the sum frequency rate and the photon
pair generation rate in the form
1
Φp
dNpair(ki, ei;kses ← kp, ep)
dtdΩidΩsdωidωs
=
δ(ωi + ωs − ωp)
2pi
λ4p
λ3iλ
3
s
dΞSFG(−ki, e∗i ;−kse∗s → −kp, e∗p)
dΩp
. (68)
Equation (68) is the main result for the SPDC-SFG correspondence, valid for an ar-
bitrary localized χ(2)-nonlinear system. In order to facilitate comparison with actual
experimental setup we first integrate it over the signal and idler frequencies and obtain
1
Φp
dNpair(ki, ei;kses ← kp, ep)
dtdΩidΩs
=
∆ωs
2pi
λ4p
λ3iλ
3
s
dΞSFG(−ki, e∗i ;−kse∗s → −kp, e∗p)
dΩp
,
(69)
where ∆ωs ≡ 2pic∆λs/λ2s is the signal spectral width.
3.3 Experimental demonstration for a coupled waveguide system
Here we overview the experiment on observation of SPDC-SFG correspondence made
in Ref. [60] for the system with coupled nonlinear waveguides.
The SFG-SPDC characterization protocol was realized for an array of coupled non-
linear waveguides, representing a practical example of complex multi-dimensional sys-
tem. The measurement schemes for SPDC and SFG are shown in Fig. 8(a) and Fig. 8(b),
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respectively. The device is made of three evanescently coupled waveguides, fabricated
on a z-cut lithium niobate substrate by the use of the reverse proton exchange tech-
nique [62, 63]. The three waveguides have an inhomogeneous and asymmetric poling
pattern along the propagation direction with five defects at different locations of the ar-
ray introduced by translating the poled domains by half a poling period Λ. This design
is based on the recently developed concept of quantum state engineering with special-
ized poling patterns [58].
The squared amplitudes of the wavefunction elements predicted by SFG measure-
ments are shown in Fig. 8(c) and those directly measured through SPDC coincidences
are presented in Fig. 8(d). The SFG predictions are obtained by integrating the mea-
sured conversion efficiencies over a bandwidth of 6 nm. The two correlation matrices
have a fidelity of F =
∑
nsni
√
|ΨSFGnsni |2|ΨSPDCnsni |2 = 99.28± 0.3 %.
In case of the waveguide geometry, Eq. (69) for the correspondence between the
absolute photon-pair generation rates for SPDC can be written as
1
Pp
dNpair
dωsdt
=
ωiωs
2piω2p
ηSFGnsni(ωs, ωi) . (70)
Here, Pp is the power of the pump beam during SPDC, dNpair/dωsdt is the rate of
photon-pair coincidence counts per unit signal frequency, and ηSFGnsni ≡ PSFG/(PsPi)
is the sum-frequency power conversion efficiency. Using the SFG measurements and
Eq. (70) a photon pair generation rate has been found as NSFG = 2.36 ± 0.14 MHz,
which is the sum of the rates from all 6 output combinations. Direct measurement of
this rate from the SPDC data gives NSPDC = 1.67 ± 0.15 MHz, showing a good
qualitative agreement between the two values.
4 Experimental demonstration of photon-pair genera-
tion in dielectric nanoantennas
The experimental demonstration of generation of spontaneous photon pairs in nanoscale
photonic structures has been recently demonstrated using an AlGaAs disk nanoan-
tenna exhibiting Mie-type resonances at both pump and bi-photon wavelengths [27].
A schematic of the nanoantenna is shown in Fig. 9(a). It is a crystalline AlGaAs
cylinder with a diameter d = 430 nm and height h = 400 nm. A scanning electron
microscope (SEM) image of the fabricated structure is shown in Fig. 9(b). The non-
centrosymmetric crystalline structure of the (100)-grown AlGaAs offers strong bulk
quadratic susceptibility of d14 = 100 pm/V [64, 65]. The AlGaAs also exhibits high
transparency in a broad spectral window from 730 nm up to the far infra-red, due to its
direct electronic bandgap. As such, the one- and two-photon absorption at telecommu-
nication wavelengths is negligible. The distance between neighbouring nanocylindors
is 10 µm, thereby the response is dominated by the local optical properties of the single
antenna [9].
The antenna was excited by a linearly polarized pump beam in the near-infrared
spectral range and through the process of SPDC generates signal and idler photons in the
telecommunication wavelength range. The dimensions of the nanocylinder are chosen
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Figure 9: Nonlinear nanoantenna for generation of spontaneous photon pairs. (a)
Schematic representation of the nanoantenna-based source of photon-pairs through
the SPDC process. The inset depicts the energy diagram of the SPDC process. The
SPDC pump is horizontally polarized along the (100) AlGaAs crystallographic axis.
(b) A typical scanning electron microscope (SEM) image of two (100) AlGaAs mono-
lithic nanocylinders, 10µm apart, such that each cylinder can be excited individually.
(c) Simulated scattering efficiency, Qsca, and multipolar decomposition in terms of the
two leading electric (ED) and magnetic dipoles (MD) for a nanocylinder with a diam-
eter d = 430 nm and height h = 400 nm. The vertical blue and orange lines show the
spectral ranges of the pump light and the generated SPDC light (signal and idler), as
indicated by labels. The inset shows the geometry of the nanoantenna. After Ref. [27].
such that it exhibits Mie-type resonances at the pump and signal/idler wavelengths.
The simulated linear scattering efficiency is defined as the scattering cross section Csca
normalized by the cross area of the nanocylinder pir2: Qsca = Csca/pir2. It is shown
in Fig. 9(c) along with the two leading multipolar contributions of the scattering. In
the infrared region of the spectrum, where the signal and idler photons are generated,
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the nanocylinder exhibits a magnetic dipolar resonance, which is the lowest order Mie-
mode, featuring a Q-factor of nine [Fig. 9(c)]. For the spectral region of the pump
760 − 790 nm, another strong resonance with a Q factor of 52 is present, represented
by a peak in the scattering efficiency spectrum [Fig. 9(c)]. This is dominated by the
electric dipole moment of the antenna, although it also contains higher-order multipolar
contributions (not shown). The strong internal fields at the Mie-type resonances allow
for strong enhancement of the nonlinear frequency mixing processes and also imposes
a spectral selection for the frequencies of the generated photons.
The SPDC process in the nanocylinder can result in the emission of photon pairs
with nontrivial correlations, associated with different angular and polarization com-
ponents. In order to experimentally determine the optimal conditions for photon-pair
generation and ultimately for optimum SPDC efficiency, usually one uses a technique
called quantum state tomography [47–50]. However, due to a weak efficiency of the
spontaneous processes in the small volume of the nanoantenna, the bi-photon rate tends
to be low. Thereby long acquisition times of the photon counting statistics are required
to obtain sufficient statistical data for significant correlation precision. Therefore, opti-
mizing the experimental parameters directly through SPDC measurements is impracti-
cal and an alternative solution is needed.
4.1 Nonlinear classical characterisation
We employ the concept of quantum-classical correspondence between SPDC and its
reversed process, namely SFG, as described in Sec. 3. We recall that the generated
sum-frequency and pump waves should propagate in opposite directions to the SPDC
pump, signal and idler [28, 60]. The quantum-classical correspondence will allow for
the optimisation of the excitation parameters, as well as for classical estimation of the
SPDC generation bi-photon rates. We consider the collection of photons in all direc-
tions and accordingly perform the integration of Eq. (69) over solid angles within the
half-sphere, resulting in the relation:
1
Φp
dNpair
dt
= 2piΞSFG
λ4p
λ3sλ
3
i
c∆λs
λ2s
. (71)
Here, Φp is the SPDC pump flux, λp, λs and λi are the pump, signal and idler wave-
lengths, and ∆λs is the nonlinear resonance bandwidth at the signal wavelength. The
efficiency ΞSFG is given by the ratio of the sum-frequency photon power to the product
of incident energy fluxes at signal and idler frequencies. The number of photon pairs
generated through SPDC, in a given optical mode of the nanostructure, is therefore pro-
portional to the SFG amplitude of the classical signal and idler waves, propagating in
the opposite direction. In this framework, one can first optimize the SFG efficiency and
thus predict the bi-photon generation rates, prior to SPDC detection. Importantly, the
SFG process can also be characterized for different polarizations, thereby optimizing
the parameters for the subsequent SPDC measurements.
The schematic of such SFG experiments is illustrated in Fig. 10(a). Two femtosec-
ond laser pulses at wavelengths 1520 nm and 1560 nm illuminate the nanoantenna as
signal and idler beams. Their spectra are shown in Fig. 10(b). The two beams are fo-
cused onto a single AlGaAs nanocylinder by a 0.7 NA objective, with an average power
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Figure 10: SFG nonlinear characterisation of correlations in the nanoantenna. (a)
Schematic of the experimental arrangement and energy conservation diagram of the
SFG process in the inset. (b) Spectra of the signal (blue-dashed line) and idler (red-
dashed line) spectra filtered from the fs laser source. (c) Spectrum of the nonlinear
wave mixing in the AlGaAs nanocylinder as a function of the time delay between the
signal and idler pulses. The SFG signal is only visible when the two pulses overlap
onto the nanoantenna. The spectral features at 760 and 780 nm correspond to the sec-
ond harmonic generation from the individual signal and idler pulses. (d) Intensity of
H-polarized reflected SFG at 770 nm, measured with 16 combinations of horizontal
(H), vertical (V), right circular (R) and left circular (L) polarizations of signal and idler
beams for the nanocylinder geometry in Fig. 9. (e) Measured reflected SFG images in k-
space for the polarization combinations shown in (d) and SFG detected withNA = 0.7.
After Ref. [27].
of 10 mW. The beam size of the two incident pulses is 2 µm (diameter) diffraction-
limited spots, resulting in 7 GW/cm2 peak intensities. The incident linear H polariza-
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tion is parallel to the AlGaAs nanoresonator’s crystallographic axis (100). Figure 10(c)
shows the time resolved spectra of H-polarized emission collected in backward direc-
tion at different optical delays between the two V-polarized pulses. This polarizations
arrangement corresponds to the maximum SFG efficiency, as we discuss below. The
two spectral peaks at 760 and 780 nm correspond to the second harmonic generation
(SHG) from the individual signal and idler pulses, and are observed at all delay times.
The third peak at 770 nm only occurs at “time zero,” when the signal and idler pulses
arrive at the nanocylinder simultaneously. This SFG pulse has a full-width at half-
maximum (FWHM) of 80 fs, in agreement with the duration of the pump pulses.
By setting different combinations of incident polarizations for the signal and idler
pulses, including horizontal (H), vertical (V), right circular (R) and left circular (L),
one can measure the SFG for H (or V) polarization. The choice for H polarized SFG
is arbitrary, as for normally incident signal/idler beams V and H are identical due to
the cylindrical symmetry of the disk and the isotropy of the material. The resulting
SFG signal intensities (normalized to the maximum value) at 770 nm and the corre-
sponding radiation patterns, recorded via a back focal plane (BFP) imaging system, are
shown in Figs. 10(d) and (e), respectively. The maximum signal of H-polarized SFG is
obtained when both signal and idler are V-polarized. At the microscopic scale, this cor-
responds to the excitation of signal, idler and SFG modes whose vectorial components
constructively overlap, following the symmetry of AlGaAs second-order susceptibility
tensor. The highest SFG conversion efficiency from the nanocylinder is measured to be
1.8×10−5, which is comparable to the SHG efficiency obtained by different groups [8–
10]. As shown in the BFP images, the SFG radiation patterns strongly depend on signal
and idler polarization combinations, however the general observation is that the SFG
signal is emitted under angle, off-axis to the nanocylinder. This is due to the symmetry
of the nonlinear tensor, as previously reported for SHG in Refs. [8, 66].
The experimental results have been compared with finite element simulations under
realistic experimental conditions. The simulated SFG intensity is enhanced when the
polarizations of both signal and idler beams are VV, or RR or LL polarized. Lower
counts are seen for the mixed polarization cases, and for the case HH. This trend
matches the experimental results, particularly for the combinations involving H and
V polarizations, while the RR and LL cases appears less bright than VV case. Such
discrepancy can be attributed to slight non-uniformity of the fabricated structure, which
can deviate from the cylindrical to elliptical shape.
Importantly, knowing the SFG efficiency of 1.8×10−5 for the VV→H process, one
can estimate the possible bi-photon rates for detection of SPDC photon pair rates from
an AlGaAs nanoantenna. The prediction for the photon-pair generation rate, obtained
using Eq. (71), is about 380 Hz at a pump power of 2mW. This value is significant and
well above the dark count rates for the detectors used in the experiments (estimated
at 5 Hz). However, for Eq. (71) to exactly predict the following SPDC experiments,
one needs to look for SFG emission mainly directed backwards. The SFG emission
is maximal in the backward direction when the signal and idler beams are incident at
oblique angle. Theoretical predictions show that a high normal SHG can be obtained
when the signal and idler illuminate the nanoantenna at 45◦ to the nanocylinder axis. An
SFG experiment where the illumination is carried out through a high NA objective, will
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Figure 11: (a) Schematics of the experiment for generation of biphoton-pairs in an Al-
GaAs disk nanoantenna. (b) IR coincidence counts integrated over 24 hours on two
single-photon detectors after a beam splitter. A significant statistical increase, marked
by the red bar, is apparent at a time difference of 26.5 ns, corresponding to the tem-
poral delay between both detectors. Black dots are the measured coincidences, the red
shadowed area indicates correlation due to thermal excitation of the semiconductor ma-
terials, while the red solid-line is its fitted Gaussian curve. The inset shows a schematic
of the SPDC process and energy correlation. The green band depicts the statistical error
of the measurement. After Ref. [27].
partially satisfy this criterion. Therefore, under such experimental condition Eq. (71) is
expected to overestimate the detected SPDC count rate.
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4.2 SPDC experiments with single nanoantennas
Once knowing the optimal antenna parameters for enhancement of the SFG process,
the generation of photon pairs through the SPDC process can be tested. A CW pump
laser at 785 nm was incident onto the AlGaAs nanoantenna with a power of 2 mW
and a 2 µm (diameter) diffraction-limited spot. The generated photon pairs with fre-
quencies ω1 and ω2 are collected by a high-numerical aperture microscope objective
and directed through a non-polarising beam splitter at two single photon InGaAs detec-
tors. The coincidence of detection of the two photons is recorded by a time-to-digital
electronics (Fig. 11a). The generated SPDC photons are expected to have a large spec-
tral bandwidth of about 150 nm, due to the broad magnetic dipole resonance in the IR
spectral range, as shown in Fig. 9c. This bandwidth is relatively broad with respect
to conventional SPDC sources, which typically have sub-nm or few-nm bandwidth.
Such broad bandwidth offers a range of advantages, including a short temporal width
for timing-critical measurements, such as for temporal entanglement [67], or for SPDC
spectroscopy [68]. It also dictates a sub-100 fs temporal width of the generated photons,
which is much shorter than the coincidence time window τc.
The measured coincidences for an H-polarized CW pump are presented in Fig-
ure 11b, where photon counting statistics is accumulated by integrating over 24 hours.
For a time difference of 26.5 ns, corresponding exactly to the time difference between
the signal and idler detection arms, a single bin with high coincidence rate is observed.
This is consistent with the physics of SPDC generation of signal and idler photons with
the estimated temporal correlations of sub-100 fs. Although it only emerges from the
background by a limited number of counts, this peak of coincidence rate is statisti-
cally relevant and larger than the statistical error (marked with green band). A sec-
ond, broader coincidence statistics is also observed underneath the SPDC peak. This
Gaussian peak is the indication of correlation due to thermal excitation of the semi-
conductor materials [69]. It has approximately 2 ns width, as shown with the red-
shadowed area in Fig. 11b. The experimental SPDC rate from the AlGaAs nanocylin-
der has been analysed, taking into account the losses in the detection system. The
estimate of the total photon-pair generation rate from the nanoantenna is then estimated
to dNgendisk/dt = 35 Hz. Normalized to the pump energy stored by the nanoantenna, this
rate reaches values of up to 1.4 GHz/Wm, being one order of magnitude higher than
conventional on-chip or bulk photon-pair sources [17, 26].
Importantly, this rate is significantly higher than the reference measurements of the
AlOx/GaAs substrate without the nanocylinder that is of the order of dNgensub /dt = 9 Hz.
The figure of merit calculated for this substrate source results is four-orders of magni-
tude smaller than for the nanocylinder. While the AlGaAs nanocylinder is weak in
absolute values, such a figure of merit brings to light the nanometer spatial confine-
ment and relatively high Q factors achievable in our AlGaAs nanocylinder. The latter
operating in the Mie scattering regime, enables a fine shaping of the spectral and radi-
ation profile, thereby leading to flexible quantum state engineering and possible spatial
multiplexing of SPDC sources in a metasurface. Note that the influence of the AlGaAs
nanocylinder on the SPDC from the substrate, such as refocusing the pump beam or the
photon pairs, was found to be negligible by appropriate numerical modeling [27].
Finally, it is possible to numerically calculate the sub-wavelength mode correla-
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Figure 12: (a,b) Mode correlation in the AlGaAs nanocylinder for H (left) and V (right)
polarized pump excitation. (c,d) Numerically simulated fields inside the nanocylinder
when exciting mx and mz modes, respectively. The white arrows indicate the electric
field vector. Different color bar scales are used, following the different intensities of
mx, mz inside the nanocylinder, in contrast to the symmetric case of a nanosphere.
After Ref. [27].
tion responsible for the generation of signal and idler photon pairs (Fig. 12a,b). This
can be done again through the quantum-classical analogy presented in Sec 2.3 by cal-
culating the SFG normal output when exciting the idler and signal fields with com-
bination of ED (px or py or pz) and MD (mx or my or mz) inside the disk at idler
or signal wavelengths, respectively. Only orthogonal Cartesian components of mag-
netic dipole contribute to SPDC process, which leads to coupling of two magnetic
dipole moments of the nanoantenna, namely mx and mz . The two coupled modes
for an H-polarised pump beam are shown in Fig. 12c and d. The coupling of these
two sub-wavelength modes efficiently generates photon pairs in the far-field via the an-
tenna radiation and underpins the measured photon correlation. As can be seen from
Fig. 12a,b, with EH ‖ y (EV ‖ x) pump, the generated two photons are dominantly
coupled into mx and mz (my and mz) modes, respectively. Due to the SFG-SPDC
correspondence, the SFG process has the same symmetry properties and can be under-
stood using the group theory [70]. At the signal and idler frequencies, the electric field
is controlled by the magnetic dipole resonance, while at the pump/SFG frequency it
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Figure 13: Vision for a photon-pair generation via down-conversion process in a
spatially-variant nonlinear metasurface, enabling the generation of correlated images.
is determined by the electric dipole mode. In the Td symmetry group of the AlGaAs
crystalline lattice, the magnetic dipole modes transform according to the F1 irreducible
representation, while the electric dipole modes belong to the F2 representation. The
basis functions of the F2 representation, corresponding to the direct product F1 ⊗ F1
are px ∝ mymz, py ∝ mxmz, pz ∝ mxmy [70] in full agreement with the numeri-
cal calculations in Fig. 12. The states shown in Figs. 12(a,b) have the corresponding
Schmidt number of 2, indicating a very strong correlation between the modes. More
detailed symmetry analysis of the SFG process in dielectric nanoparticles can be found
in Ref. [71].
We note that similar SPDC nanoscale sources can be obtained with other nonlinear
crystalline nanostructures, including lithium niobate [72]. This would allow one to
explore different crystalline symmetries and polarisation dependencies. As such, the
field of nanoscale sources of two-photon quantum states is expected to grow in the
years to come. Therefore, the development of nanoscale quantum sources based on
SPDC is likely to be of interest to the wider quantum community.
5 Outlook
The experiments on SPDC in a single AlGaAs nanodisk bring confidence that correlated
photons can be generated by employing crystalline nanoantennas and arrangement of
such nanoantennas in an optical metasurface. Such nanoscale platform can open new
opportunities for generation, unrestricted by longitudinal phase matching [73], of non-
classical spatially entangled states of arbitrary shapes by carefully engineering of the di-
mensions of different nanoantennas in spatially variant metasurfaces, see artistic image
in Fig. 13. We believe that this opportunity, combined with the capacity of metasurfaces
to transform, image and reconstruct quantum states [74–77], will unleash a potential for
ultimate miniaturization of quantum devices suitable for end-user applications [78, 79],
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such us quantum imaging [80], sensing [81], precision spectroscopy [82], free-space
communications [83] and cryptography [79].
The authors acknowledge highly productive collaborations, and in particular the
results outlined in this chapter were primarily driven by researchers who co-authored
Refs. [27, 28, 60].
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